We study the action of the BMS group in critical, bosonic string theory living on a target space of the form
Introduction
It has long been known that asymptotically flat spacetimes in three and four dimensions allow an enhanced group of large diffeomorphisms [1, 2] . In these cases, the global Poincaré symmetry gets enlarged to the so called Bondi-van der Burg-Metzner-Sachs (BvBMS, but most often just BMS) symmetry. The resulting symmetry extends the translations into an infinite dimensional Abelian group known, historically and somewhat unfortunately, as supertranslations: angle-dependent translations along I ± . These large diffeomorphisms are not isometries of flat space, but rather take one asymptotically flat solution into another.
Another famous example of enhanced asymptotic symmetry is gravity in asymptotically AdS 3 spacetime [3] . The SL(2,C) isometry of global AdS 3 becomes a subalgebra of the asymptotic Virasoro symmetry in accord with conformal symmetry in two dimensions, as is required by AdS 3 /CFT 2 duality [4] . Just as a general Virasoro transformation is not a symmetry of the CFT 2 vacuum, the large diffeomorphisms in [3] are not isometries of AdS 3 . AdS/CFT duality implies that the enhanced symmetry can be realized on the string worldsheet theory in asymptotically AdS 3 space. Indeed, the generators of target space Virasoro transformations were found and the algebra studied in [5] [6] [7] [8] [9] [10] . The resulting Virasoro algebra is a subset of the algebra of target space diffeomorphisms and may be understood as the set of diffeomorphisms that are neither pure gauge degrees of freedom nor global symmetries of the theory. Their action is to insert physical degrees of freedom which should be gravitons; however, since there are no propagating gravitons in three dimensions, these degrees of freedom live on the boundary of AdS 3 .
Compared to AdS spacetimes, on asymptotically flat space, large diffeomorphisms are a much less well developed topic. This has various reasons, one being the much harder boundary structure of asymptotically flat space times. Here the boundary is composed of past and future timelike infinity i ± , spacelike infinity i 0 , and past and future null infinity I ± . In a recent development, the fate of massless particles on such spacetimes, most notably gravitons and photons in four dimensions has been addressed [11] [12] [13] [14] [15] [16] . These particles start on I − and end on I + . In the semiclassical approach to quantum gravity used in [12] , Strominger argued that the diagonal subgroup BMS 0 ⊂BMS + ×BMS -is a spontaneously broken symmetry of the quantum gravity S-matrix. It was shown that the degrees of freedom associated with supertranslations can be understood as soft, i.e. zero momentum, gravitons. This is similar to ideas in AdS 3 , however, in asymptotically flat d = 4 spacetime the physics is richer: this statement directly connects the large diffeomorphisms of four-dimensional asymptotically flat spacetime with Weinberg's soft theorem "in the bulk". The interest in the soft behavior of gravitons and, by extension, gluons and photons, has seen a renaissance due to these developments. Let us quickly mention a (non-exhaustive) list of recent work.
The subleading corrections to Weinberg's soft theorem have been investigated in various theories in [17] . In the case of ambitwistor string theory, the appearance of the soft limits is quite well understood already [28] [29] [30] [31] . Some results for the case of gauge theories may be found in [32] [33] [34] [35] [36] .
In higher dimensional spacetimes, such a symmetry enhancement has been ruled out historically. This conclusion has been based on the use of the most stringent boundary conditions that still allow for gravitational radiation to reach asymptotic infinity. However, Weinberg's soft theorem is unaltered in higher dimensions. This suggests the use of more lenient boundary conditions that allow for BMS type symmetries in D > 4. Such a solution has been suggested in [37] and this is what we advocate in this paper in the context of string theory. Interestingly, it seems that string theory even prefers boundary conditions that allow for the discussed symmetry enhancement in any dimension.
We discuss how string theory realizes large diffeomorphisms in target space as quasisymmetries from the vantage point of the path integral. In the semi-classical treatment, BMS transformations have been shown to be spontaneously broken symmetries and the soft theorem to be a Ward-Takahashi identity. In the worldsheet theory of string theory this is of course not the correct mechanism. Target space diffeomorphisms are field redefinitions in the worldsheet theory. These are, apart from the Poincaré symmetry, not actual symmetries of the worldsheet theory. In fact, the only reason why target space diffeomorphisms are allowed is because they either insert unphysical graviton states into the theory, which have no effect on observables like the S-matrix, or they insert physical gravitons into the theory. (In flat space these are soft gravitons with zero momentum, whereas in AdS 3 these are "boundary gravitons".) For this reason, these transformations belong in the category of dualities between string models and should not be confused with gauge symmetries. Additionally, we give a detailed study of the difference between global symmetries, large diffeomorphisms, and small diffeomorphisms. Recently, there has been some investigation along these lines [38, 39] , although with a different emphasis and perspective.
The paper is organized as follows. In sec. 2 we discuss Ward-Takahashi identities in the case of spontaneously broken symmetries and more importantly, general transformations of the action. In the following sec. 3 we discuss various topics related to asymptotic flatness, gauge choices in gravity and BMS symmetries. In this chapter we also try to clear up a few points of confusion in the literature. Finally, in sec. 4 we discuss the measure of the string theory path integral in curved backgrounds, the difference between large, small and forbidden diffeomorphisms from the worldsheet perspective, as well as boundary conditions in d dimensions. The chapter finishes with a discussion of Weinberg's soft theorem as a generalized Ward-Takahashi identity on the worldsheet. In the conclusions, we speculate on some topics related to the subleading soft theorem in higher dimensions, the apparent preference of string theory for specific boundary conditions, and some other topics.
Ward-Takahashi Identities
To make our argument, we need two generalizations of the usual Ward-Takahashi (WT) identities. To that end, let us first recall the standard argument. For concreteness, we follow the approach in [40] .
Consider a field theory with action functional S[φ] that is invariant under an infinitesimal field transformation δφ:
Classically, this implies a locally conserved current. In quantum field theory, one can show that the current is conserved up to contact terms (when inserted into a correlator). Consider a path integral with local insertions
and perform the change of variables
with ρ(x) an arbitrary function with compact support. Since ρ = const. is a symmetry and since this is a local transformation, we must have
This is just a change of variables; we don't change the value of the left-hand side of (2), and thus, assuming the measure is invariant,
This must hold for general ρ(x), and therefore the local WT identity
holds for some undetermined F, which we usually omit. The current j is the usual locally conserved Noether current from classical mechanics. There is a weaker global version of the above WT identity, which we find useful for our discussion of BMS. Just as classically the locally conserved current implies the existence of a globally conserved charge Q, we can ask for the analogous statement in quantum field theory. For this purpose, it is simplest to switch to an operator language.
The charge Q generates the symmetry transformation of the local operators,
Now consider the correlator
Assuming the vacuum is invariant under the transformation, Q |0 = 0, then one finds the global WT identity
To wit, the only non-vanishing correlators must be singlets of the symmetry transformation.
Spontaneously Broken Symmetry
In the presence of spontaneous symmetry breaking, the WT identities are modified [41, 42] . For the local WT identity (6), the total divergence term ∂ µ F µ cannot be dropped and is fixed by the transformation of the vacuum. To derive the local WT identities, one adds a small parameter ǫ times a symmetry breaking term in the path integral that selects the correct vacuum. In the end, one then carefully takes ǫ to zero to find the nontrivial contributions. We refer the interested reader to the references [41] [42] [43] for more details.
For our purposes, it suffices to consider the fate of the global WT identity (9) under spontaneously broken symmetry. (Here, we refer to the treatment of [43] .) Assuming the symmetry generator Q commutes with the Poincaré generator P µ , then Q |0 must give a new vacuum |0 ′ . Since the different vacua are direct-producted into the rest of the Hilbert space, this suggests a decomposition of the symmetry generator Q as
where Q soft acts only on the vacuum and Q hard transforms the nonzero energy states and annihilates the vacuum. Formally, then, the global WT identity takes the form
where we assume the insertions Φ i are all hard. How does Q soft act on the vacuum? Assuming it is a linear function of the fields, then it must be proportional to inserting a single Goldstone boson. The WT identity then relates a correlator with soft insertions to the correlator with transformed (hard) insertions. We have written this in a form that is suggestive of the argument for the soft graviton theorem from supertranslation symmetry [12, 15] , a point we return to in Section 4.5.
General Transformations
The above generalization of WT identities is appropriate when considering BMS as a symmetry of the S-matrix in a spacetime description. In the worldsheet description, however, BMS transformations and, indeed, all target space diffeomorphisms are not Noetherian symmetries of the worldsheet action. Thus, we must consider a different generalization of WT identities: not for spontaneously broken symmetry, but for general transformations. Consider a local, infinitesimal transformation of the fields δφ(x). Define V(x) in terms of the transformation of the action
As we shall see, V(x) acts a source, giving the classical violation of current conservation. As in the original derivation of the WT identities, let us now insert a local function ρ(x), so that
Since the variation of the action is the integral of V when ρ is constant, we have
Proceeding as above, we now find an extra term in the WT identity:
(15) Varying ρ and integrating by parts, we find the generalization of (6)
where we have dropped the total divergence term, since we do not need it. When we apply this to target space diffeomorphisms of the worldsheet theory, we find that the vertex operator term V gets related to the extra term in (11) for the spacetime theory.
Asymptotically Flat Spacetimes and BMS Transformations
Let us review the relationship between BMS symmetry and Weinberg's soft theorem, as developed in [12, 14, 15] . This is the target space story; we are interested in reproducing and reinterpreting these results by studying the string worldsheet theory. The original BMS symmetry [1, 2] was in four dimensions; however, many authors have considered extensions in higher dimensions [44] [45] [46] [47] [48] [49] [50] [51] . In light of the recent argument for Weinberg's soft graviton theorem in even dimensions from BMS [14] , we will hold our discussion for general d-dimensional spacetimes.
Bondi Gauge
Consider an asymptotically flat spacetime. There are many notions of asymptotic flatness in the literature; for our purposes, let us define an asymptotically flat metric as one that in a neighborhood of I + (and similarly for I − ) may be written in d-dimensional Bondi gauge,
in the form
where u is a null coordinate along I , r a radial coordinate, and {θ A } coordinates on the unit sphere S d−2 with metric γ AB . When needed, we use the following metric for the unit (d − 2)-sphere:
where θ 2 denotes the usual Cartesian product. For general d, the fall-off conditions one imposes on the subleading terms has been the subject of some discussion [46] [47] [48] [49] [50] [51] . The traditional point of view, at least as far as the authors of this document understand, is that one should impose the most restrictive boundary conditions that still allow gravitational radiation to hit I . For d > 4, these restrictive boundary conditions eliminate the enhanced symmetry that occurs in four dimensions, since the radiative modes fall off faster in higher dimensions.
An alternative philosophy might be to impose the least restrictive boundary conditions consistent with (18) and the equations of motion. This approach is essentially what is considered in [37] , and what allows a nontrivial BMS algebra in higher dimensions. Let us note that as long as the boundary conditions are consistent, there is no a priori "correct" boundary condition: different boundary conditions define different semiclassical gravitational theories. This is an idea that should be familiar from AdS/CFT. 2 Specifically, the "traditional" fall-off conditions are where the radiative data enter asymptotically [50] :
On the other hand, the weaker boundary conditions employed in [37] are the same as in four dimensions:
with additional dimension-dependent conditions on the Ricci tensor (and the stress-tensor in theories with a matter sector). While the additional constraints are likely important to have a consistent theory, we do not need them in our discussion.
Large versus Small Diffeomorphisms
Gravity can be understood as a gauge theory of diffeomorphism symmetry. In a putative quantization of gravity, one expects to identify states that differ only by a diffeomorphism; however, there are a class of diffeomorphisms that fall off slowly enough at large r to affect the radiative data and give finite asymptotically conserved charges. These "large diffeomorphisms" 3 should not be modded out of the Hilbert space, in contradistinction to the familiar "small diffeomorphisms". In gauge theory, there is an analogous statement, that one does not mod out by the global part of the gauge group. This issue only arises because we have a manifold with boundary, and boundary conditions. This means that there can also be forbidden diffeomorphisms that violate the boundary conditions. The asymptotic symmetry group can be thought of as the small diffeomorphism equivalence classes of the allowed diffeomorphisms.
The classification of large versus small diffeomorphisms is part of the definition of the theory that depends on the boundary conditions.
BMS
What is the algebra of large diffeomorphisms for asymptotically flat space? Naively, one would expect to recover the global part of the gauge group, the Poincaré group. In four dimensions, for any boundary conditions that allow gravitational waves at I , the Poincaré symmetry is enhanced to the infinite-dimensional BMS 4 algebra [1, 2] . For d > 4, there is enhancement to BMS d if one uses the weaker boundary conditions (21) .
One can find the algebra of large diffeomorphisms, by solving for the set of infinitesimal diffeomorphisms that preserve the form (21) . That is, vector fields whose Lie derivative of a metric satisfying (21) give variations at the same order as in (21) . (One may also follow the covariant treatment in [61] that precisely separates out the equivalence classes.) The vector fields
generating the BMS group take the form
where T (θ) is a general function on the sphere, and Y A is a conformal Killing vector (CKV) of S d−2 with conformal factor g:
The omitted subleading terms in (23) are "small" metric-dependent terms that do not contribute to asymptotic charges or alter the algebra. ∆ is the Laplacian with respect to the round metric γ and D A is its covariant derivative. We raise its index with γ AB . The sphere S d−2 is maximally symmetric, and therefore admits a full set of
A . With T = 0, these generate the 
non-singular transformations of the sphere at null infinity I -the rotations-acting on the infinite-dimensional Abelian group T of supertranslations. In four dimensions, the infinitesimal version of the first group can be augmented to a Virasoro algebra [62, 63] called superrotations. The resulting semidirect sum of superrotations acting on supertranslations is known as the extended BMS 4 algebra. In the conclusion, we speculate on the extension of BMS d for general d, a nontrivial problem since the conformal group of the sphere is only enhanced for S 2 .
The Soft Theorem, Part I: The Gravitational S-Matrix
One may study the asymptotic geometry at I + and I − , and find two sets of apparently disconnected transformations, which following [12] we denote BMS + and BMS − . In the case of flat space, the Bondi coordinates appropriate to both I + and I − cover the entire space, with an easily established coordinate transformation. One may then observe that the usual Poincaré subalgebra generators of I + are the same as those of I − , when one makes an antipodal identification of the sphere. This should not be surprising since light rays starting from a point on I − travel to the antipodal point on I + . Thus, following [12] , let's define the diagonal BMS group, BMS 0 via this antipodal map. We may then conjecture 4 that the Poincaré symmetry of the gravitational S-matrix is enhanced to BMS 0 symmetry. Indeed, depending on how seriously one takes BMS symmetry, one might even wish to demand that this hold for any consistent quantization of gravity in asymptotic flat space. Since supertranslations are not isometries of flat space, the supertranslation symmetry must be spontaneously broken. Thus, if we wish to write a WT identity for supertranslations, we are in the purview of the discussion in sec. 2.1.
Before proceeding, it is amusing to ask: what field gets a vacuum expectation value, signaling the spontaneous breaking of supertranslation symmetry? The answer is apparently the metric itself. While the metric is not gauge invariant, the asymptotic form is as is clear from our discussion of large diffeomorphisms. The symmetry restoration phase, then, is when there is no spacetime (or at least no way to measure distances) at all, g µν ≡ 0, whatever that means. If we want to find the local WT identity from the path integral following [42] , then we expect an appropriate boundary term in the action to play the role of the symmetry breaking term. We leave these speculations to be developed more fully elsewhere.
Proceeding to the soft theorem, let us first note that supertranslations commute with ∂ u (and the other translation generators), and therefore do not change the energy (or momentum): if Q T is the generator of a supertranslation (in BMS 0 ) parametrized by T (θ), then Q T acting on the vacuum must give a new vacuum state as in the discussion of 2.1. This is an important distinction from Virasoro symmetry in AdS 3 , where the Virasoro generators L −n that are not isometries of AdS 3 take the global AdS vacuum into excited states; they are not soft transformations.
Following [12] , we introduce a basis of asymptotic states via Fock space modes with energy labelled by ∂ u eigenvalue, E, and direction labelled by points on S d−2 , θ. Since we have argued the vacuum is degenerate, it should also carry a label telling us which vacuum state we are in, but we will suppress this. This should correspond to all possible occupation numbers of soft graviton modes. Let's just call this data collectively ψ for now; thus, we write the vacuum as |0; ψ . The zero mode label ψ is direct producted into the hard Fock states. Thus, for instance a one particle state in this language takes the form |E, θ; ψ , suppressing polarization data or other internal quantum numbers of the excitation. Formally, then, we may decompose Q T ∈ BMS 0 into the sum
The hard part of the charge, Q hard T , just performs the supertranslation on the Fock states with nonzero energy. For instance, on a single (hard) particle state, we have
since the large part of the supertranslation is T (θ)∂ u . Q soft T gives the action of a supertranslation on the vacuum.
We now argue that Q soft T |0; ψ must be proportional to the insertion of a soft graviton. We define the supertranslation as a large infinitesimal diffeomorphism. From the diffeomorphism invariance of the gravitational equations of motion we know that h T µν = L T g µν must solve the linearized equations of motion; h T µν must be a graviton. Furthermore, since the supertranslations all commute with ∂ u , we know that h T µν must be a zero energy graviton. Let us emphasize that above, following the literature, we found the BMS diffeomorphisms as the (large) residual gauge symmetry after imposing the Bondi gauge condition (17) , and therefore the L T g µν gives a soft graviton in Bondi gauge. On the other hand, traditional discussions of gravitational scattering/quantization are in de Donder gauge,
These two gauge conditions are inconsistent! This leads to some apparent mismatches in the discussion of [37] . In order to explicitly connect Weinberg's soft theorem to BMS 0 , one must either discuss the soft theorem in Bondi gauge or find the BMS transformations in de Donder gauge. In Appendix B, we do the latter, where one can find the leading behavior of the inserted soft graviton explicitly in (74).
Strings in Asymptotically Flat Space
We now turn to the discussion of the BMS group and its connection to the soft expansion of string scattering amplitudes in string theory. For a proper discussion of string theory on asymptotically flat spacetime in the path integral formalism, a discussion of the path integral measure is indispensable. We then turn to a discussion of diffeomorphisms in target space and their realization in the worldsheet theory. In the course of this discussion, we introduce the vertex operator of a soft graviton V s (z).
As already hinted at in the last subsection, the choice of boundary conditions is extremely important when talking about large diffeomorphisms and the BMS group in higher dimensions. We will give a discussion of this from the point of view of BRST cohomology.
We conclude this section with a discussion of Weinberg's soft theorem and how it is realized from the generalized WT relations introduced in sec. 2.
The Measure of the Path Integral
The Polyakov action for a (bosonic) string on a general background manifold with metric G µν is given by
where we have gauge-fixed the worldsheet metric, and thus there is an additional bc ghost system S bc added to the above, which appears in the appendix. As mentioned earlier, even though string theory is a theory of gravity (for the target space), the worldsheet theory is not actually invariant under spacetime diffeomorphisms. In the worldsheet theory, these correspond to field redefinitions
This is clearly neither a rigid nor a gauge symmetry of the Polyakov action for general ξ. On the other hand, field redefinitions do not change the physics. This is realized in field theory by the equivalence theorem [68] [69] [70] , which states that the S-matrix and other observables are invariant under field redefinitions. From the worldsheet theory point of view, the equivalence between different target space coordinates represents a simple form of duality between different conformal field theories. However, when using the path integral formulation of string theory, such a field redefinition may cause the path integral measure to pick up a Jacobian. Thus it is necessary to correctly define the path integral measure first. In the case at hand, we know that the spacetime metric will transform under a general (infinitesimal) diffeomorphism ξ µ (X) as
The correct measure for the path integral of the Polyakov action is the invariant measure (see e.g. [65, 71, 72] ), which can be written schematically as the infinite product
To motivate the inclusion of the √ −G, let us rewrite the Polyakov action in the Hamiltonian framework. For this discussion, it is convenient to use a Minkowski worldsheet signature,
so that the canonical momenta are
Thus, expressing the action in terms of phase space variables gives a kinetic term of the form G µν (X)π µ π ν . The path integral is most correctly defined as the path integral in phase space of the Hamiltonian action (see eg. [73] ):
Of course, for standard kinetic terms, the Gaussian Dp integral is absorbed into a new measure Dq and the exponent becomes the action, leaving one with the familiar Feynman path integral. In cases with nonstandard kinetic terms, such as the worldsheet with target space metric G µν , the Dp integral can give important contributions. Performing the D d π integral for the string, brings down a factor of √ − det G, the covariant measure. To wit, under an infinitesimal field redefinition X µ → X µ + ξ µ (X), the correct string measure, D d X √ −G, is invariant and therefore a classical discussion should suffice.
Target Space Diffeomorphisms
We have established that under diffeomorphisms of the target space, the measure of the path integral is invariant. In the terminology laid out in sec. 2 we understand such field redefinitions as general transformations of the Polyakov action. Under an infinitesimal change in the field
the action will therefore transform as
where ∇ µ is the covariant derivative with respect to the target space metric G µν . The global part of the target space diffeomorphisms is the group of isometries of the target space. For these, the generating vector fields ξ satisfy the Killing equation
from which we can conclude that Killing vectors do not generate vertex operators, V(z) = 0, as it should be. In the first equation we used that the variation of the action is given by the Lie derivative of the metric. The absence of a vertex operator of course implies that there is a normal WT identity which is consistent with their treatment as symmetries of the action ensuring, e.g., conservation of energy (for a time-like Killing vector) in target space. More generally, "small" diffeomorphisms of the target space with L ξ G = 0 will not leave the action invariant. The resulting vertex operators V(z) correspond to graviton vertex operators with zero-norm light-like polarizations. Any correlation functions calculated with such insertions will vanish. 6 The current associated with the infinitesimal diffeomorphism,
so that the WT identity follows by taking the divergence,∂j ξ + ∂ ξ , using the vertex operator V ξ above, and the contact terms from the equations of motion. Many authors do not seem to make a sharp distinction between the current (or its divergence) and the vertex operator.
Indeed, up to terms proportional to the equations of motion the divergence of the current is the vertex operator:∂
where Γ is the target space Christoffel symbol. (Of course, this is just as it should be so that the contact terms from the Schwinger-Dyson equations give the WT identity.) The role of the factors in the WT identity mix with one another depending on the choice of integration domain in integrating (16) . If one integrates over the entire z-plane, then by Stokes' theorem and standard contour-pulling arguments one can drop the contribution of the current in the WT identity, but must keep the vertex operator and the transformation of the other fields.
On the other hand, one can consider a domain of integration with holes cut out around other insertions, then the divergence of the current gives the transformation of the fields via Stokes' theorem and the OPE, and the last term in (16) may be dropped. Regardless, the local statement of the WT identity (16) is correct with each term making an independent contribution. We write it in the above form in order to treat target space isometries in the same manner as general diffeomorphisms, which necessitates a treatment that includes the usual Noetherian current j.
Large, Small, and Forbidden Diffeomorphisms on the Worldsheet
String theory as a theory of gravity computes diffeomorphism-invariant S-matrix elements. How is this realized on the worldsheet? In fact, the spacetime theory described by the Smatrix elements usually computed as worldsheet correlators is in de Donder gauge: the graviton vertex operator's momentum must be transverse to its (traceless) polarization. Moreover, in order for the vertex operator V ξ to be diff×Weyl invariant it must satisfy ξ = 0: ξ belongs to the residual gauge symmetry in de Donder gauge. See [64] for an early discussion of this point. If we imagine expanding ξ in Fourier modes, e ik·X , then V ξ takes exactly the form of a "pure gauge" graviton vertex operator. This mode decouples from the theory, as it must to maintain target space gauge invariance. To show this, one may write V ξ as the sum of a total derivative term which may be dropped and a term proportional to X, which vanishes due to the cancelled propagator argument [40] . On the other hand, as [38, 39] recently emphasized, at the level of BRST cohomology one may consider more general diffeomorphisms; the non-Weyl invariant contributions are BRST exact and therefore continue to decouple.
We would like to classify target space diffeomorphisms given by ξ µ as either forbidden, large, or small from the worldsheet. This discussion closely follows the AdS 3 case as first laid out in [6, 7] . First, let us discuss small diffeomorphisms. Small diffeomorphisms should result in a trivial WT identity, just as classically they yield a current that vanishes on-shell. 8 This derives from the following observations. First the transformation of vertex operators stay in their BRST equivalence classes from standard arguments, so the last term in (16) is BRST trivial. Second, we can either use (40) or the observation that the divergence of the current is BRST exact with antecedent operator given in [38, 39] 
Therefore, the only contribution can come from the equation of motion term. (The last two terms do not have the right ghost structure to contribute to any correlator.) If ξ(X) is in the form of a Fourier mode, then one may apply the cancelled propagator argument. Thus the WT identity is a trivial identity for small diffeomorphisms, as expected. What breaks down for large, and then forbidden diffeomorphisms? Let us focus on the case when we integrate the identity (16) over the entire worldsheet. Two things can happen. One is that the cancelled propagator argument can fail: for example, when ξ(X) is constant (i.e. a translation), there is no e ik·X term that provides a kinematic region that suppresses contact terms. The second is more subtle. Equation (41) continues to hold; however, the state corresponding to s ξ is no longer part of the Hilbert space and so one cannot say that the divergence of the current is BRST exact [6, 7] . Scilicet, one gets nontrivial transformations of the vertex operators and a nontrivial Ward identity. (For translations, one, of course, gets conservation of target space momentum [40] .) The state corresponding to the operator s ξ fails to be part of the worldsheet Hilbert space because it is no longer normalizable: the leading term in the s ξ s ξ OPE does not fall off like a power law. 9 Small diffeomorphisms, then, are given by ξ(X) that are "good" (normalizable) operators in the worldsheet. This includes individual Fourier modes e ik·X . Thus, it is useful to consider ξ in momentum space:
Then perform an infinitesimal diffeomorphism X µ → X µ + ξ µ (X) on a correlator. For simplicity, consider a tachyon two-point function,
Performing the diffeomorphism adds an extra term of the form
which vanishes when one imposes momentum conservation if ξ µ (k) is regular at k = 0. Recall, that this is being added to a δ-function. In order for ξ to give a physical shift, it must be at least as IR divergent as the leading term. This means in momentum space ξ µ (k) should be at least as singular as δ(k) near k = 0. In position space, this means that any diffeomorphism that falls off faster than translations near the boundary is "small". Anything that grows at least as fast as translations is "large".
As for forbidden diffeomorphisms, one can consider ξ(X) for which either the vertex operator V ξ or the transformation of other vertex operators δ ξ V is not a good operator in the worldsheet theory: a diffeomorphism ξ is forbidden if δ ξ G µν = L ξ G µν or the transformation δ ξ V not normalizable. To summarize, the large diffeomorphisms live in the sweet spot in which there is a nontrivial, but well defined WT identity on the worldsheet. 9 Remember that the c c OPE grows linearly with separation. 10 As we mentioned before, ξ belongs to the residual gauge symmetry in de Donder gauge. Therefore the Fourier transform should be taken over momenta satisfying k 2 = 0.
Boundary Conditions in d-Dimensions
Let us consider these conditions for a string in Minkowski space. The condition that s ξ be normalizable is suggestive of a condition that the components ξ µ (X) be square-integrable (elements of L 2 (R d )). Applying this criterion to δ ξ G µν would essentially impose the stronger boundary conditions in (20) , which would eliminate any symmetry enhancement. With some thought, one should realize that this is too strong a condition. This would suggest that all the usual vertex operators one considers in string theory are not "good" operators: one would be required to only consider square-integrable wave packets. Moreover, it would seem to suggest that an operator could be made non-normalizable just by adding an extra field. Instead, we allow constant behavior in some directions; the exception being when it is constant in all directions, which we already discussed above. This suggests the asymptotic symmetry algebra is defined in terms of equivalence classes
where the "little-o" notation indicates strictly subleading behavior, and furthermore that we only allow diffeomorphisms such that
In addition to the above condition, we impose an analyticity condition: we demand that δ ξ G µν at leading order does not introduce a branch cut. Both from the worldsheet and the spacetime points of view, a branch cut in r is somewhat problematic. By flushing out the above conditions, one may deduce the boundary conditions that string theory implies for asymptotically flat spacetime in d non-compact dimensions. Starting from flat space, acting with the space of allowed diffeomorphisms gives the space of allowed asymptotic metrics, and therefore fall-off conditions on the asymptotically flat metric. A few caveats are in order. First, our discussion is entirely on-shell, which means we cannot see any curvature conditions of the kind suggested in [37] . Moreover, our analysis is only in flat space, and not in a general asymptotically flat space. Nonetheless, what we do have is sufficient to determine the asymptotic symmetry algebra, and ultimately get a soft theorem.
In particular, the string worldsheet suggests the following boundary conditions in Minkowski space:
Transforming this condition into Bondi coordinates is straightforward and yields
with small diffeomorphisms defined by
Comparing with the boundary conditions in (21) is worthwhile. The first thing to note is that since we are not in Bondi gauge, δg rr and δg rA are not forced to vanish and there is no determinant condition. The second thing to note is the different fall-off condition on g ur .
Since spacetime indices are internal labels on the worldsheet, any boundary conditions that one can derive from string theory in this manner must have the same structure as above. Starting with a "scalar" condition in Minkowski coordinates (an isotropic condition) makes it clear that one should have complete freedom in choosing coordinates on the sphere S d−2 . This suggests an additional freedom similar to the discussion in [74] . We return to this point in the conclusion.
One can and should ask how rigid the above boundary conditions are, since in the spacetime theory there seemed a fair amount of freedom. The authors do not know of any analysis of this interesting question, and whether it is sensible to imagine, for example, adding a boundary condition in the field space of the worldsheet path integral. This is especially of interest given alternate quantizations in AdS/CFT. Regardless of their uniqueness, the above analysis suggests that the boundary conditions (48) are consistent within string theory.
The Soft Theorem, Part II: String Theory
We now turn to a discussion of the soft theorem from BMS supertranslations as manifested in string theory. We concentrate on the supertranslations, so throughout this section, the function Y A = 0, while the function T is kept arbitrary. The "large" part of these transformations is
in Bondi coordinates and de Donder gauge. A derivation of these components may be found in apdx. B. The transformation of the action is given in (37) for general target space diffeomorphisms. Using the vector field (50) the leading terms in the Lie derivative of the metric are the G uA and G AB components. The vertex operator resulting from such a transformation is then
For T = c, a constant, the vertex operator vanishes. As constant T corresponds to a time translation, this is a good validity check. The d − 1 spacial translations, for which T satisfies
also lead to a vanishing vertex operator. The resulting unbroken WT identities are then the usual statement of conservation of momentum. As we explained above, since V s is generated by a target space diffeomorphism, it inserts a graviton into the theory. Contrary to the case of small diffeomorphisms, however, the vertex operators of large diffeomorphisms correspond to insertions of physical, zero momentum gravitons and the canceled propagator argument does not hold. Note that V s appears at the same order in the r expansion, its form is only altered by the specifics of the Laplacian, covariant derivative and dimension of the sphere S d−2 . In particular it does not depend on the fall-off behavior of gravitational radiation.
Consider now a correlation function V 1 · · · V n where V i are bosonic string vertex operators 11 . We use the generalized WT identity (16) in its integrated form. After reinstating the integral over the worldsheet, the total differential of the current j can be written as a contour integral. This form allows us to use a standard contour pulling argument to show that the left hand side of the identity must vanish. When the contour encircles all vertex operators, we may shrink it to little circles around the insertions and the insertion point of j to pick up the residues at the single poles in the OPE of j a and the V i . Since the current is not actually conserved, an additional term appears, which is of course the insertion of V s (z). Alternatively, we may understand the contour as encircling an empty patch on the worldsheet. In this case, the integral must vanish and so the left hand side of the generalized WT identity must vanish. This is true even though a new (local) operator appears on the right hand side for the case of a general transformation. The only condition for this argument to work is that the transformation is well behaved on the empty patch on the worldsheet (see sec. 4.3).
We may now turn to the second term on the right hand side of the generalized WT identity. In flat coordinates X µ the vertex operators assume the usual form
for gravitons. The polarization tensor ζ µν is naturally given in TT gauge. Because of this, general variations of such vertex operators can be written as operators acting on the vertex operator itself
S µν i is the spin dependent representation of the Lorentz algebra, or the spin angular momentum operator. We shall refer to the first part in (54) as the spin part and the second part as the orbital part of the variation. The spin part is small for supertranslations, such that we can ignore it here. Superrotations have terms superleading over the supertranslation part. For these, the spin part cannot be neglected and they provides the spin dependent part of the subleading soft theorem [75] . The orbital part is universal for any vertex operator, i.e., every particle in the (bosonic) string spectrum has this particular piece. Using (50), restricting to supertranslations, and discarding any small terms we find
The function T is a function of the angular variables at the point of insertion of V and can be chosen freely. The most natural choice in the context of the soft theorem would be to set it to a δ-distribution aligning the null modes of the angular worldsheet variables θ i with the angular variables on the boundary θ 0 as is done in the literature. This would correspond to the insertion of a single soft graviton. But we are not forced to do so. The aforementioned parametrization of the soft factor is always possible, even in higher dimensions [37] . Thus we find that the variation of the string vertex operators corresponds to the "hard part" of the action of the supertranslation charge. It follows that
Take note of the fact that this statement does not depend on α ′ apart from the overall factor appearing in (37) . 12 This is as expected from direct calculations performed in [20, 21, 23] and from the fact that this is a low-energy statement. While these results were derived in a bosonic string setting there is nothing that indicates a different result for the superstring and indeed the result should be the same.
Conclusion and Outlook
While the extended soft theorems in gauge theory and gravity have spawned an extensive literature recently, the fate of BMS symmetry in string theory or in higher dimensional spacetimes had not been adequately addressed so far. In this paper we made an attempt to fill in this gap by presenting a detailed investigation of large diffeomorphisms of asymptotically flat target spaces from the point of view of bosonic string theory. We have shown that these imply the existence of soft graviton modes and Weinberg's soft theorem also in string theory, but the correlator-like structure of the S-matrix of first quantized string theory makes the derivations in the two theories rather different. Let us note that while we haven't discussed this topic in any detail here, an extension of this result to superstring theory should be essentially effortless. The behavior of the Kalb-Ramond field B µν (for the corresponding soft theorem, see [22, 24] ) under BMS transformations can be investigated by keeping the holomorphic and antiholomorphic current independent of each other.
We would like to point out an important detail about string theory here. String theory is effectively formulated in de Donder gauge. Bondi gauge and de Donder gauge are incompatible gauges in the sense that one cannot have the de Donder gauge condition as well as the Bondi requirement that g rr = g rA = 0. For this reason, it was important to rederive the BMS transformations in de Donder gauge using ξ = 0 subject to the correct boundary conditions.
One result which we find particularly intriguing are the boundary conditions in d dimensions found in sec. 4.4. First of all, these conditions do not depend on the number of dimensions or the distinction between even and odd d. This is particularly appealing when considering the connection between Weinberg's soft theorem and BMS. As Weinberg's soft theorem is essentially independent of the number of spacetime dimensions, so should be the BMS symmetry which generates it. In particular, the dimension of the sphere should not be important. Secondly, and more importantly, it is intriguing to think that string theory on asymptotically flat spacetimes might not just prefer but actually requires a certain set of boundary conditions. Such a statement is rather different from the AdS case where there are alternative quantizations depending on the choice of boundary conditions. The question remains how this program might be extended to superrotations. And, indeed, how to define superrotations in higher dimensions. As for the latter question, it is clear that a structure like a Virasoro algebra is ruled out in higher dimensions. To find a Virasoro algebra, however, might not be necessary at all. In [74] , Campiglia and Laddha show that a generalization of the extended BMS group in four dimensions still yields the correct soft theorem. The authors assumed that superrotations can be generalized to general smooth vector fields on the sphere, i.e., the assumption that these vector fields need to be conformal Killing vector fields is dropped. The smooth vector fields on the sphere form the group Diff(S 2 ), such that the extended group of asymptotic symmetries becomes
The apparent downside to this approach is that one needs to allow for a "dynamic" metric on the sphere. We have commented on this in the text: it doesn't seem problematic to allow for a choice of coordinates on the sphere. Also, compared to the Virasoro algebra of the extended BMS group in four dimensions, there seems to exist no obvious obstruction to generalizing the group of diffeomorphisms of the sphere to higher dimensions. Note, however, that superrotation symmetry appears to be broken at the first loop level [25] in four dimensions. This should translate into an issue with superrotations and the path integral measure in the case of higher genus worldsheet topologies. We will leave this problem for another time.
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A The Ghost Sector
Here we briefly review the BRST quantization of the string following [40] . The covariant quantization of the string via Faddeev-Popov adds a ghost action to give the correct measure for the gauge-fixed string. The ghost action takes the form
So that the total action (after gauge-fixing the worldsheet metric) is S 0 from Equation (29) plus S ghost . The sum, S 0 + S gh , enjoys a reincarnation of the original diff × Weyl symmetry as the Grassmann-odd BRST symmetry:
The BRST transformation is nilpotent with the physical states given by the BRST cohomology: the physical Hilbert space is the space of closed states moded out by the space of exact states.
B BMS in de Donder
There are two gauges that appear in the discussion: Bondi (17) and de Donder (28) . The latter is the linearization of harmonic gauge x µ = 0, whereas (17) is already a condition on the nonlinear theory. If one notices that the Bondi coordinates for flat space are not harmonic, then one should already be suspicious; however, we are interested in imposing conditions on the linearized theory living in Bondi coordinates.
A first attempt to address the question would be to start with a standard TT gauge (de Donder with h µν U ν = h µ µ = 0 for a constant timelike vector U ν ) graviton in Minkowski coordinates and transform into Bondi coordinates. In which case, one finds that conditions (17) set h µν ≡ 0. This is perhaps not surprising since one is imposing too many gauge conditions. Instead one may wish to replace the TT gauge condition with the Bondi condition; they even look similar. A hint that this might not be a good idea is that the BMS vector fields (23) have nonvanishing d'Alembertian, and thus are not residual gauge transformations of de Donder. The de Donder condition (after imposing Bondi) implies
The uu and ur components of the Einstein tensor force h uu = 0. (One uses the fact that the Laplacian on the sphere is negative definite.) Similarly, the uA and rA components force h uA = 0. Then one is left with h AB with the trace condition γ AB h AB coming from the linearization of the Bondi determinant condition. This has the right number of degrees of freedom, but then one imposes D B h AB = 0, which removes physical degrees of freedom. Since de Donder is usually the preferred gauge condition for discussing radiation and quantization, it is useful to find the supertranslation generators in de Donder instead of Bondi gauge. As far as the authors know, this has not been presented in the literature. To state the problem, we are looking for harmonic vector fields ξ µ = 0, which respect a de Donder version of the boundary conditions (21) . We want the solution in flat space with Bondi coordinates. We take a slight shortcut by looking for harmonic vector fields with the same leading behavior as (23) , since the leading piece should be "large" and gauge invariant.
In Bondi coordinates, for a vector
Laplace's equation takes the form
where
with primes and dots denoting r-and u-derivatives, respectively. We are using ∆ to denote the Laplacian on the unit sphere. Rather than Fourier transforming u as might seem natural, let us look for solutions that are polynomial in u. In fact, let us make an ansatz that F, R, and S A are functions of x = u r and θ A only. Then, the above equations become
We are interested in the behavior for large r and fixed u, which corresponds to x → 0. The point x = 0 is a regular singular point of the above coupled DEs. To find a series solution let us look at the indicial equation by trying a power law
We see that the leading behavior of the three equations decouple and give the condition
We are interested only in the λ = 0 solution. Therefore, let us plug in with
and likewise for R and S A into the equation for ξ µ = 0. Matching powers of x, one finds the following recursion relations: 2(n + 1) n − 
Note that the relations degenerate in even dimensions when n = is cured by adding log x times the other solution.) One can also find exact solutions in terms of Legendre functions by decomposing into spherical harmonics, but we find the series solution more convenient.
We are interested in solutions for the following boundary conditions
Since everything will be written in terms of the scalar function T (θ), let's put in as an ansatz
and use the commutator on the sphere,
to find
To the first subleading correction, then
which gives a metric perturbation of the form
Note that in six dimenions h AB contains terms both of order r and order r 0 . The leading piece is a new soft degree of freedom that arises from relaxing the boundary conditions (which the authors like to refer to as the "stranslaton"); whereas, the subleading piece is where the (propagating) radiative data enters in six dimensions. For general d the series solution shifts the radiative data.
